A theoretical model for the motion of tiny spherical particles in a nanopore device is developed. The nanopore has a low aspect ratio, and the particles have a radius slightly smaller than that of the nanopore. The translocation of the particle through the nanopore is driven by the difference in external electric potential between the entrance and the exit of the nanopore. The model includes the effects of electrophoresis, electroosmotic flow in the nanopore, and the repulsive potential of the nanopore wall. Using this model, the time-dependent velocity of the particles during translocation through the nanopore is calculated for various parameters, such as the particle radius, the nanopore height, and the surface charge density of the particle. The motion of the particles predicted by the present model qualitatively explains the important characteristics of temporal ionic current responses across the nanopore observed in previous experimental results.
Introduction
Techniques for identifying single nanoparticles in liquids are among the key issues in development of lab-on-a-chip devices and biosensors. Nanopores can sense single particles that pass through them and this is expected to be a novel technique for applications in biomedical devices (Dekker, 2007; Branton et al., 2008; Uehara et al., 2011) . When a particle passes through a nanopore from one end to the other under the influence of a longitudinal electric field, the ionic current across the pore is blocked by the volume of the translocating particle, which excludes the current from portions of the pore cross-section as it passes through. Using the principle of a Coulter counter, ionic current changes allow the detection of single particles (Bezrukov et al., 1994; Kasianowicz et al., 1996; Kawaguchi et al., 2012; Yukimoto et al., 2013) .
The conventional Coulter counter can extend its potential for particle identification. In a recent report, an experiment using a low-aspect-ratio nanopore succeeded in the differentiation of surface modifications among equally-sized polystyrene beads (Arima et al., 2014) . However, there are still remaining difficulties to be solved. Transport of particles through the low-aspect-ratio nanopore under weak electric fields is one of these difficulties due to the concentration of electric field lines in the pore. Furthermore, the behavior of particles seems to be strongly affected by local flow fields near and in the pore , and the time-dependency should be greater in low-aspect-ratio cases. Many studies have proposed particle velocity control near and inside contraction channels, such as nanopores (Keyser, 2011; Yusko et al., 2011; Qian et al., 2014; Qian et al., 2017; Tsuji et al., 2018) . However, the difficulties in fabrication, experimental, and measurement processes prevent us from characterizing the translocation of particles through nanopores in a systematic manner. The importance of the ability to control the speed of single molecules in nanopores was highlighted in a recent review article (Di Ventra and Taniguchi, 2016) . Thus, a better theoretical understanding is required to effectively control the particle translocation dynamics in advanced nanopore sensors.
In the present study, a theoretical model is proposed focusing on single-particle translocation dynamics in lowaspect-ratio nanopores. A particle with a diameter comparable to that of the pore in the experimental setting (Dekker, 2007; Branton et al., 2008; Uehara et al., 2011; Kawaguchi et al., 2012; Uehara et al., 2013; Yukimoto et al., 2013; Arima et al., 2014) , is driven by an electrophoretic force in a non-uniform electric fields. Considering electroosmotic flows inside the pore, the time-dependent drag force affects the particle motion. It is found that the particle velocity reaches its maximum slightly after the particle center passes through the middle of the pore. When the inertia is negligible due to the small particle radius, as in the present study, this shift in maximum velocity may be attributed to off-axis motion, and the time-dependent drag resulting from the electroosmotic flow becomes prominent near the pore sidewall. As a result, the surface condition may be related to the translocation dynamics. Using the present simple model, we obtain the expected ionic current responses from an effective pore volume and compare them with those observed in previous nanopore experiments. Our model can provide basic knowledge for investigating the ionic current change induced by particle translocation through a nanopore.
Formulation
In this section, we introduce our model for nanopore translocation.
Description of the model
Let us consider a charged particle with a radius r p , a mass m p and a surface charge density σ p . The particle is immersed in an electrolyte solution, and a membrane of thickness L containing a nanopore with a radius r pore separates the solution into two chambers. The Cartesian coordinates r = (x, y, z) are introduced as shown in Fig. 1 . We call the chamber for z < −L/2 the cis chamber, that for z > L/2 the trans chamber, and the region −L/2 < z < L/2 the nanopore. Electrodes are inserted into these two chambers, and an electric potential V is applied in the trans chamber, while the cis chamber is grounded. The nanopore is made of an electrically insulating material, and thus the applied potential yields a strong electric potential drop E 0 = −V/L in the nanopore region. In most applications, particles are negatively charged, that is, σ p < 0 (see, e.g., He et al., 2012) . Therefore, the particle in the cis chamber is accelerated by electrophoresis in the positive z direction near the nanopore, and translocates to the trans chamber. We develop a theoretical model for this nanopore translocation using the following assumptions: (i) the electric field E is a given function, (ii) the nanopore is negatively charged so that electroosmotic flow in the negative z direction takes place within it , and (iii) the nanopore has an repulsive potential that prevents the particle from sticking to it. Under these assumptions, the equation of the motion for the particle is written as
Tsuji , Doi and Kawano, Journal of Biomechanical Science and Engineering, Vol.14, No.1 (2019) [DOI: 10.1299/jbse. where t is the time variable and r p and v p are, respectively, the position and velocity vectors of the particle. The forces acting on the particle are the sum of the electrophoretic force F el , the force exerted by the electroosmotic flow F eof , the drag force F drag , a random force F fluc , and the force exerted by the nanopore wall F wall . These forces are specified in the next subsection. The initial condition for Eq. (1) is given as r p = r p0 and v p = 0. Note that the particle is initially in the cis chamber, that is, z p0 + r p < −L/2.
2.2. Forces acting on the particle Before presenting the electrophoretic force F el , the electric field E should be assigned. To do this, we briefly describe the nanopore translocation based on previous studies (He et al., 2012; Qian et al., 2014) . In the cis region and away from the nanopore [ Fig. 1(b) ], the electric field is very weak, and thus the particle diffuses inside the solution from the bulk to the region near the nanopore. The electric field inside the pore is highly enhanced due to the electric insulation of the nanopore wall. Therefore, when the particle comes close to the nanopore, the enhanced electric field captures it [ Fig. 1(c) ]. The magnitude and spatial dependence of the electric field at this stage is estimated by considering an access resistance model (see, e.g., He et al., 2012) , and it is assumed to be zero for |r| larger than a critical radius r c . As the particle enters into the nanopore [ Fig. 1(d) ], the effective cross-sectional area of the nanopore decreases due to the presence of the particle. Based on Gauss's law, the electric field is enhanced when the particle is inside the nanopore. As a result, the particle is strongly accelerated in the positive z direction and is pushed out from the nanopore [ Fig. 1 (e)]. We introducê e as a unit vector pointing to a spherical surface and denote byr = r p + r pê a point on the particle surface [ Fig. 1(a) ]. Then, the region of the weak electric field where the particle diffuses is denoted by 
. Then, noting that the surface charge density σ p is negative, the electrophoretic force for the above-mentioned situation is modeled as
where e z is the normal unit vector pointing in the positive z direction and E acc and E pore are defined as (He et al., 2012)
whereÂ in Eq. (7) is the cross-sectional area in the nanopore blocked by the presence of the particle. The force F eof exerted by the electroosmotic flow can be modeled as follows. First, let us recall the ideal electroosmotic flow (see, e.g., Bruus, 2008) . In an infinitely long pore of radius r pore , a steady electroosmotic flow v eof is induced along the pore axis, which is the z direction, and v eof can be obtained analytically under the Debye-Hückel approximation. The nanopore device is filled with an electrolyte solution, and thus the Debye length is small compared with r p or r pore . In such a case, v eof is uniform within the pore. We assume that the above electroosmotic flow is induced in the nanopore considered in the present paper. Note that this assumption is supported by a previous low-aspect-ratio nanopore experiment . The force acting on the particle in the z direction, F eof (= F eof · e z ), is assumed to be proportional to v eof , that is, F eof = −αv eof , where α is a constant with units of kilograms per second. As the particle enters into the nanopore, the forces acting upon it change due to the proximity of the pore wall, and thus its velocity also changes. [cf. Fig. 1(d) ]. To model the coefficient α in such a situation, we refer to the motion of a tightly fitting sphere in a long tube (Bungay & Brenner, 1973) . In this context, the force acting on a sphere with a radius r sphere in a tube with a radius r tube is derived, for the case of 0 < δ = (r tube − r sphere )/r sphere ≪ 1, as
where µ is the viscosity of the solution. In our case, δ is defined as the distance between the particle surface and the surface of the nanopore wall divided by r p . More specifically, the distance r min (= δr p ) is measured by the distance between a point T 3 ×10 2 K on the particle surface and a point on the nanopore wall, where these two points are chosen in such a way that their distance is the smallest. Finally, we close this subsection by specifying the remaining forces, that is, F drag , F fluc , and F wall . Using the Stokes' law, we have F drag = −6πr p µv p . The term F fluc (t) is a typical random force at temperature T . To be more precise, each component F fluc,i (i = x, y, z) satisfies the fluctuation-dissipation theorem: F fluc,i (t) = 0 and F fluc,i (t)F fluc,i (t ) = 2k B T (6πr p µ)δ(t − t ), where f (t) is the time average of a function f (t), k B the Boltzmann constant, and δ the Dirac delta function. Using the clearance r min defined in the preceding paragraph, F wall is determined as the negative gradient of a repulsive potential Φ:
where σ w =0.01 µm and w = 10 −20 J (the order of k B T ) are numerical parameters.
The method of numerical analysis and the validation are described in the Appendix.
Results and discussion
The particle is placed in the cis chamber at t = 0 s. The center of the particle is initially on a plane S ini , which is placed near the nanopore entrance [see Fig. 2(a) ]. To be more specific, S ini is a circle of radius r pore and d ini = L/2 + r p + ∆z, where ∆z is 0.05 µm; and the initial position r p0 is chosen randomly on the plane S ini . For later convenience, we also introduce r ini = (x 2 p0 + y 2 p0 ) 1/2 . The parameters used in the present study are summarized in Table 1 . Note that, according to the access resistance model (He et al., 2012) , the critical radius r c in Fig. 1(b) for the parameter set of Table 1 results in r c = 523 µm, which is much larger than the initial distance |r p0 | ≈ 1 µm of the particle in our simulation. Therefore, we can skip the diffusion described in Fig. 1(b) and focus on the nanopore translocation of the particle. The typical sizes of target particles in nanopore technology range from a single-nanometer scale to several hundreds of nanometers. In particular, O(10) nm and O(100) nm cover the equivalent diameters of viruses (Milo et al., 2009 ) and allergen particles (Kawaguchi et al., 2012) , respectively, which are generally spherical or filamentous in shape. For the targets with O(10) nm dimension, r c becomes O(1) µm, e.g., r c = 327 nm for a particle with r p = 10 nm. In such cases, the effect of r c on the translocation frequency may be significant, and another driving mechanisms such as optical (Nito et al, 2018) or thermophoretic forces may be helpful. Parameters listed in Table 1 are the same order of magnitude of values used in previous nanopore experiments ( Tsutsui et al., 2013; Arima et al., 2014) , except for V and v eof . Note that V is set smaller than the applied potential in the experiments, e.g., applied potential is 0.05-0.5 V and 0.2 V (Arima et al., 2014) , because the electrodes in the solution are usually sealed by Debye layers. Therefore, V is chosen in such a way that the velocity v z p is the same order of magnitude as that in the experiment. The magnitude of the electroosmotic flow v eof is not available for the present nanopore geometry. It has been reported that the effect of the electroosmotic flow is larger than the electrophoretic force when the applied potential is larger than 0.2 V . Therefore, v eof is set to a value such that the electrophoretic force overwhelms the electroosmotic force, and the particle can move to the trans chamber.
In Fig. 2(b) , the typical trajectories of the particle computed from Eq. (1) are plotted. The center of the particle is initially relatively close to the z axis in case 1, and far from the z axis in case 2. Moreover, y p0 is set to zero in both cases. In case 1, the particle goes through the nanopore without being disturbed by the nanopore wall. As a result, the particle moves little in the x and y directions. In contrast, in case 2, the particle location is shifted toward the z axis as the particle enters the nanopore. Therefore, the force exerted by the electroosmotic flow varies during the nanopore translocation. In Fig. 2(c) , the parametric curves [z p (t), v z p (t)] are shown for the cases with various r ini . To be more specific, each plot in Tsuji , Doi and Kawano, Journal of Biomechanical Science and Engineering, Vol.14, No.1 (2019) [ Table 1 . Fig. 2(c) is the average of 2×10 3 curves obtained with the initial positions identified in the figure. When r ini +r p > r pore , the particle is more likely to be affected by the nanopore wall, and this causes the difference for z p (t) < −L/2(= −0.025 µm), as shown in Fig. 2(c) . The velocity of the particle v z p has a maximum around z p = 0 µm in the case of 0 < r ini < 0.1 µm. In contrast, for the cases with 0.2 < r ini < 0.3 µm, 0.3 < r ini < 0.4 µm, 0.4 < r ini < 0.4 µm, and 0.9 < r ini < 1.0 µm, the velocity of the particle v z p reaches its maximum slightly after the particle center passes z = 0. This is attributed to the fact that the force exerted by the electroosmotic flow varies during the nanopore translocation. The contributions of the z component of the forces on the translocation process are shown in Fig. 3 . To be more specific, Figs. 3(a) and 3(b) show
, and −F wall, z (= −F wall · e z ) for the initial conditions 0 < r ini < 0.1 µm (axial motion) and 0.9 < r ini < 1.0 µm (off-axis motion), respectively, where the error bars show the standard deviation over 1 × 10 3 runs.
For the axial motion in Fig. 3(a) , |F eof, z | and |F wall, z | are relatively small compared with F el, z . On the other hand, for the off-axis motion in Fig. 3(b) , |F eof, z | and |F wall, z | are the same order of F el, z and vary during the translocation process. In our model, F el, z is symmetric with respect to z = 0 µm for both cases and the electrophoretic force itself is not the cause of initial-position dependent translocation dynamics observed in Fig. 2(c) . Furthermore, we investigate the effect of v eof on the translocation dynamics. Figure 4 shows the parametric curves [z p (t), v z p (t)] for v eof = 0 µm s −1 , 0.215 µm s −1 , and 0.430 µm s −1 obtained by averaging 1 × 10 3 curves with the initial position r p0 distributed randomly on S ini , that is, 0 < r ini <1 µm. Even for the case without the electroosmotic flow, the parametric curve [z p (t), v z p (t)] is asymmetric with respect to z = 0 µm. However, the position at which the velocity takes maximum is placed around z = 0 µm. As the magnitude of v eof increases, the position with maximum velocity is shifted to larger z position, and this result supports the discussion in the previous paragraph. When the magnitude of v eof is much larger than those presented in Fig. 4 , e.g., v eof = 0.860 µm s −1 , the particle cannot enter the nanopore. Since it is difficult to change only v eof in experiments and experimental data corresponding to Fig. 4 are not available in the present situation, Fig. 3 Contribution of forces acting on the particle during the translocation process. F el, z , −F eof, z , and −F wall, z are shown for the initial conditions (a) 0.0 < r ini < 0.1 µm and (b) 0.9 < r ini < 1.0 µm, respectively, where the other parameters are set to those shown in Table 1 .
( ) µ ( ) Fig. 4 The parametric curves [z p (t), v zp (t)] for v eof =0 µm s −1 , 0.215 µm s −1 , and 0.430 µm s −1 , where the other parameters are set to those shown in Table 1. the modeling approach will be helpful to understand the translocation dynamics with electroosmotic flows. Next, the cases for different physical parameters are compared. We focus on the effect of σ p , L, and r p on the nanopore translocation of the particle, with special interest in the position where the velocity v z p reaches its maximum. In Fig. 5 , the parametric curves [z p (t), v z p (t)] are shown for several cases. These curves are obtained by averaging 2 × 10 3 curves with the initial position r p0 distributed randomly on S ini , that is, 0 < r ini < 1 µm. When |σ p | is smaller, the magnitude of the electrophoretic force becomes weak and the force exerted by the electroosmotic flow is more effective. As a result, the peak of v z p decreases and shifts toward the positive z direction. As the height L of the nanopore is reduced, the peak also shifts, that is, the shift of the peak is peculiar to low-aspect-ratio nanopore translocation. In contrast, a change in r p does not result in an obvious change in the peak.
Finally, we remark that the present model qualitatively reproduces some observations from nanopore experiments (Tanaka et al., 2016; Tsutsui et al., 2018) . Ionic current signals decrease when the particle occupies a part of the pore volume, since the electrical conductance across the pore decreases in proportion to the effective pore volume V eff , which is defined as shown in the inset of Fig. 6(a) . Ionic current signals through a nanopore in a polystyrene dispersion solution were measured (Tanaka et al., 2016) , and electrical responses due to the translocation events were classified into three typical cases: axial motion, off-axis motion, and trapping. In the experiment, trapping occurred due to an additional electrode embedded in the nanopore, and we exclude the possibility of trapping from our discussion here. It was indicated that, for the off-axis motion, the signals associated with ionic current blockade had a longer (or shorter) duration when the particles enter (or exit) the nanopore. Such temporal behavior of the current responses is considered to be the cause of electroosmotic drag inside the nanopore (Tsutsui et al., 2018) . The results of our modeling with the parameter set in Table 1 are shown in Fig. 6(b) , where the temporal behavior of the normalized effective pore volumeV eff = V eff /(πr 2 pore L) are presented. Note thatV eff qualitatively corresponds to the ionic current signals in the present nanopore configuration, where the cross-sectional area of the pore is much smaller than those of the cis and trans chambers, and the concentration of electric field lines, that is, the voltage drop, occurs effectively only in the nanopore. Initial positions with small r ini values tend to produce axial motion, and positions with larger values tend to produce off-axis motion, as illustrated in Fig. 6(b) . It is found from the figure that the effective pore volumeV eff decreases for t s < 0 s and recovers to unity for t s > 0 s in both cases of r ini . However, the rate of decrease for t s < 0 s is slower in the case of 0.9 < r ini < 1.0 µm, reproducing the above-mentioned characteristics of the off-axis motion in the nanopore experiments. Thus, our model deepens the understanding of the translocation dynamics in the nanopore experiments and sheds light on important parameters, such as pore size and the surface characteristics of particles.
Concluding remarks
In the present paper, a model for the translocation of a particle in a nanopore device is developed. The present model takes into account the enhancement of the electric field due to the presence of the particle and the effect of the electroosmotic flow. The velocity of the particle during the nanopore translocation is examined for various parameters. In particular, the velocity-position curves, that is, the [(z p (t), v z p (t)] curves in Figs. 2, 4, and 5 during the nanopore translocation, are shown to be asymmetric with respect to z = 0 µm depending on the translocation manner. The asymmetric profile is attributed to two reasons. First, the effect of the electroosmotic flow inside the nanopore depends on the particle position. Second, the presence of the nanopore wall reduces the particle velocity when the particle enters the nanopore. Note that asymmetry of the ionic current during particle translocation in a nanopore has recently been reported based on simulations (Wang et al., 2014) . The translocation trajectories of the particles in a nanopore obtained by our model predict longer (or shorter) ionic current responses when the particle enters into (or exits from) the nanopore. These trends qualitatively agree with the results of previous nanopore experiments. However, further improvement is needed. The application of the formula by Bungay et al. (1973) to nanopore translocation may be too difficult; therefore, the development of a refined hydrodynamics model may be necessary. In addition, a theoretical estimate of the electroosmotic flow inside the low-aspect-ratio nanopore will be helpful for further understanding of nanopore translocation.
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